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ABSTRACT 


The purpose of this study is tO address some problems of 
resource allocation which are exemplified by the class-teacher 
timetable problem. A fundamental model within class-teacher 
timetable problems is the coloration of graphs. A general 
method is developed for the determination of the existence of 
an n-coloration of a graph. A condition is identified that 
is sufficient for the order of computation required to be 
bounded by a polynomial. The condition is generalized to 
include cases when the order of computation is moderately 
exponential. The method is applied to some related graph 
theoretic problems in order to show the significance of the 


sufficiency condition. 


Two original theorems are proved which pertain to graphs 
with vertex constraints. Specifically, these constraints are the 
vertices which are preassigned to specific colors, and vertices 
which are not to be assigned to given colors. The results 
show that graphs with these extraneous constraints reduce to 
graphs without such constraints. Hence, the existence of an 
n-coloration of a graph with these constraints may be established 


by using known strategies. The first of the two theorems has 
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two further implications. First, it provides the basis for a general 
and flexible method for determination of an n-coloration. Hence, 

it provides the basis for a method for determination of a solution 
to class-teacher timetable problems. Second, it provides a 
previously unknown necessary and sufficient condition for the 
existence of a solution to a particular class-teacher timetable 


problem, which has been reported in the literature. 
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CHAPTER | 


INTRODUCTION 


This thesis is concerned with a resource allocation problem 
that many learning institutions have considered since the advent 
of the computer: The class-teacher timetable problem is defined 
to Yeonta rn; 


a set of teachers T = {t.} at rye 
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a set of classes C 
a set of hours H = fh} Lopes CT Les 
The elements of sets T, C, and H are to be matched so as to meet 
specified requirements (constraints). Such a matching, if it exists, 
will be called a solution. The class-teacher timetable problem 


will be referred to as the CTT problem. 


Underlying all the apparent complexities of CTT problems 
are some well defined fundamental problems which for the most 
part are unsolved and which are considered to be difficult by many 
proficient researchers. The purpose of this study is to address 


some of these problems. 


In Chapter 2, which provides the background to the present 
research, it is shown that the coloration of a graph is equivalent to 
a fundamental problem within CTT problems. Within this equivalence, 


classes correspond to vertices, and hours correspond to colors. A 
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graph model can represent all constraints which prevent or require 
the assignment of specified classes to the same hour. This includes 
those constraints that prevent a teacher from having to meet more 
than one class in any given hour. Considerable attention has been 
given to the minimum coloration of a graph. However, since this 
problem has not yet been solved generally, there are cases when the 


very existence of a coloration remains in question. 


In Chapter 3, a method for the determination of the existence 
of an n-coloration of a graph is given. A condition that is 
sufficient for the computation required to be bounded by a polynomial 
is identified and generalized to include cases when the order of 
computation is moderately exponential. A comparison of the results 
to previously known methods is made. To enhance the significance 


of the sufficiency condition, it is applied to graph theory. 


When other constraints occuring in CTT problems are imposed 
upon the graph model, the question of the existence of a coloration 
(solution) has remained unanswered. In Chapter 4, two types of 
constraints occuring in practical CTT problems are considered: 
Those where a certain class must meet on a given hour, and those 
where a certain class cannot meet on given hours. Theorems are 
' 


proven which reduce graphs to a form that contains no such ‘extraneous 


constraints. The immediate significance of the theorems is given. 
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Several methods have been developed for the determination of the 
minimal coloration of a graph; or equivalently, for the determina- 
tion of the existence of a coloration with a given number of 
colors. Most of these methods give a solution to the corresponding 
CTT problem. In practice, however, these provide a rather 
inflexible means of meeting other desirable requirements of the 
problem. tn Chapter 4, it is shown how the results of an original 
theorem proved in this research may be applied so as to provide 


more flexible methods for obtaining a solution. 


Chapter 5 illustrates the results of the earlier chapters, with 
an example of a CTT problem. The conclusions are stated regarding 
CTT problems for which previously known methods were unable to 
determine the existence of a solution. The conclusions pertain 
to both constraints for which previous work did apply and constraints 
which until now had remained unanswered. A general method for 
determining a solution is given. It is shown that a necessary 
and sufficient condition for the existence of a solution to CTT 
problems, considered by Gotlieb, is immediate from the results 
contained within this report. Lastly, the results are stated 


which relate to graph theory. 
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CHAPTER 2 


EXAMINATION OF APPLICABLE APPROACHES 


2.1 Background 

The approaches that have been applied, or might be considered 
applicable, to the CTT problem are summarized in the following 
subsections. Pertinent citations are presented as well as a 
criticism of each technique. Conclusions derived from an 
investigation of the various approaches are presented in Section 2.2. 
Finally, four main objectives of this research are formulated and 


are related to the class-teacher timetable problem. 


2.1.1 Heuristic Approaches 


Let the CTT problem be posed as a f-stage decision problem 
where at each stage j, a decision pertaining to the assignment of 
class S to some hour hy must be made. The decision at stage j 
must not violate any of the constraints in the problem formulation 
pertaining only to class oe as well as those relating es to 


classesi€ ae . The latter of the above constraints would 


ae 
include those that prevent any teacher from having to meet more 

than one of his classes in any given hour. Also the decision must, 
if possible, be made so that it is possible to make a decision at 


each of stages jt+tl,...,8. At any stage, no decision is attainable 


if every possible assignment violates some constraint(s). 
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Heuristic approaches [2,3,6,10,12,17,23,28,31,39,41,44,47] have 
given rise to criteria such as the following, which are used as 


strategies for finding a solution. 


_ 1. The order in which the classes are assigned to specific 
hours are arranged, so as to increase the odds of being able to 
make a decision at each of the B stages. For example, classes 
considered more difficult to schedule are assigned to specific 


hours .tirst 14147]. 


2. I\If there is any choice at each stage j, class & is 
assigned to an hour so as to increase the chances of being able to 
make a decision at each of the remaining stages. To illustrate, 

a class may be assigned to the hour already having the most classes 
assigned to it [28]; thereby, the use of unassigned hours is 


minimized. 


None of these are deterministic in that an impossible 


decision at some future stage is always prevented. 


lf at some stage j no decision is possible, the alternatives 
used are: 
1. Some (all) previous decision(s) r, r<j, are altered 


in an attempt to make a decision at stage j possible. 
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2. The classes are reordered and the entire process is 


repeated, beginning at stage | (see [39]). 


3. The class is assigned, so as to minimally violate the 


constraints relating class 3 to classes Charters sep liys This is 
equivalent to removing constraints so that a decision at stage j 


is possible. 


In practice, only restricted forms of alternative 1] can be 
used since the order of computation required can approach that 
equal to total enumeration of all feasible and nonfeasible 
solutions. An algorithm using alternative 2 does not necessarily 
terminate. Alternative 3 would be acceptable provided it were 


known that a solution to the original problem does not exist. 


GASP[31], a system based on heuristic techniques, has been 
developed to generate solutions for CTT problems. Many users have 
found GASP to be unacceptable because it was unable to attain 
solutions to real problems. More recently, IBM, who supported the 
development of GASP, announced a new system called SOCRATES. It 
uses the same concepts as the University of Waterloo system [45] 
which generates reports, thus making the adjustment of an 


existing timetable easier. 
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lt is of interest to observe that the difficulties in heuristic 
approaches are the same as those of branch and bound approaches 


to the CTT problem. 
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Sherman [43] (also see [42]) used statistical sampling to find 
solutions to the combinatorial problems corresponding to CTT 
problems. It seems likely that if the problem has many constraints, 
then the probability of finding a solution by sampling becomes 
relatively small. Similar observations on this approach are 


reported in [22]. 


The method of Formby [20] is a variation of statistical 
sampling to obtain a minimum coloration of a graph, a problem 


that will be discussed below. 


2.1.3 Combinatorial Approaches 


Gotlieb [21] gives a condition for a feasible solution to exist 


for the following CTT problem: The problem is defined by 
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ce in the interval for which the timetable is being constructed. 
Each class & refers to a group of students. The problem state- 
ment corresponds to real problems that often occur in public 
schools. Gotlieb points out that Hall's algorithm [25] provides 
a method for finding a solution. Based on a necessary condition, 
Csima and Gotlieb [13] describe a basic iteration for constructing 
a schedule for the above problem with preassignments. Csima and 
Gotlieb conclude with: 
"None of the references mentioned consider problems 

which can be interpreted as constructing a time-table 

with preassignments, nor has it been possible to develop 

a proof from these references that the basic iteration 

described above will always provide a solution when 

one exists. On the other hand, as discussed in the 

previous section, every case tried so far has been 

successful.' 
Winters [48], Lions [32, 4, 6] and Dempster [15,16] have investigated 


these various approaches to finding a solution. Lions [33] has 


reported a counter-example to this hypothesis of Csima and Gotlieb. 


Gotliebs's statement of the CTT problem assumes that al] 
constraints, except those expressed in the matrix R, can and must 
be stated in the form of preassignments. This itself can be a 
major task. As an illustration, suppose there are many constraints 
preventing pairs of classes from being offered at the same time; that 
is, students having to enroll in both so as to meet academic program 


requirements. 
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Another combinatorial type approach for finding solutions to 
‘scheduling! problems was given by Turksen and Holzman [44]. Let 
Mimeloc ols bexianeex ces kiititon matrix wherer Sime Wai ftelags? at is 

jk jk j 


assigned to hour h Any solution, feasible or nonfeasible, of 


Ke 
the CTT problem can be pepresented by the 8.y boolean vector 

a ocate 4 ah BOC Lee in the ote ace of boolean lattice 
points. Corresponding to each such point is a unique positive 
integer called a designation number. Also, corresponding to each 
pair of classes - and ec that are not to be assigned to the same 


hour there are Y logical constraints OO ke angie, eye, 


AUR Se 
Turksen and Holzman determine the nonfeasible points corresponding 
to a logical constraint in terms of the designation numbers, as 
opposed to the method of truth tables as suggested by Akers and 
Friedman [1]. The set of all nonfeasible points is realized by 
set operations on the sets of designation numbers corresponding to 
each of the logical constraints. However, their result does not 
provide a feasible method for the determination of the existence 
of a solution; since, the order of computation compares to that of 


total enumeration. The order of computation refers to the number 


of basic steps required to accomplish the desired result. 


2.1.4 Graph Theoretic Approaches 


A graph G consists of the finite nonempty set V of vertices with 


Lv | = manda set E of edges. Each edge joins two distinct vertices. 
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Two vertices joined by an edge are said to be adjacent and each is 
incident with the edge. Welsh and Powell [46] point out the 
connection between the following CTT problem and the problem of' 


coloring the vertices of a graph: Given 


a set of teachers T = {t,t l= laws sys, 
a seiteiof. classes, €.= fc.) gel, ees 
a set of hours H = thy } KE suse ts VS 
and an incompatibility matrix M with elements nie = Oor ] 


respectively, as classes Ss and Phi can or cannot be assigned to 

the same hour. This includes such constraints as a teacher having 
to meet classes a and or in which case OF = 1]. Each class 

SF refers to a course or lecture. The problem statement corresponds 


to real problems that often occur in universities. 


In this association, classes correspond to vertices; hours 
correspond to colors; and, the condition that two classes which 
cannot be assigned to the same hour is represented by an edge 
joining the corresponding vertices in the graph. Before discussing 


graph colorations, the necessary terminology must be introduced. 


Let G(V,E) denote a graph G that has vertex set V and edge set 
E. The degree d(v) of a vertex v is the number of edges incident 
with it. In a regular graph, all the vertices have the same degree. 


A complete graph Se of order m has every pair of its vertices adjacent 
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and so is regular of degree m1. 


A walk in a graph is an alternating sequence of vertices and 
edges in G, beginning and ending with a vertex. Each edge is 
incident with the vertex preceding it and the vertex following it. 
A walk is often written ViVore Va the edges being evident by 
context. A path is a walk in which all vertices, and hence, edges 
are distinct. A closed walk has the same first and last vertices. 
A cycle is a closed walk VyVor se ViVi i23, in which the i vertices 


are distinct or a closed path. 


In a connected graph, every pair of distinct vertices is 
joined by a path. A subgraph of G consists of subsets, of V and E, 


which themselves form a graph. 


A graph is said to be n-colorable if each vertex can be 
assigned one of n or less colors in such a way that no two adjacent 
vertices have the same color. The chromatic number x(G) of a 


graph G is n, if G is n-colorable but not (n-1)-colorable. 


An m x m adjacency matrix A for a graph G(G,E) with |V| =m 
is defined as follows: The element in the (i,j) position of the 


matrix Wisadeor 0 according, to vertices V; and a being joined by an 
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edge or not. The adjacency matrix is symmetric. Sinee graphs 
with loops are not being considered, the diagonal elements are al] 
equal to 0. It will be assumed that distinct edges do not join 
the same pair of vertices. Hence, a graph can be defined by a 


set V of vertices and an adjacency matrix A. 


The CTT problem defined is thus equivalent ta determining an 
n-coloration of a graph G with a set of vertices V, |V| =m, and 
adjacency matrix M = A where m= 8 and n= y. 

Assume all graphs are connected, since an arbitrary graph 
can always be decomposed into its connected components. Mathematically, 
this corresponds to finding the appropriate permutation matrix P. 

Matrix P has the property that p lap. where A is the adjacency 
matrix, equals a matrix with block diagonal representation with 


diagonal submatrices containing al] the nonzero elements of A. 


The existence of an n-coloration of a graph G is related to 
determining the chromatic number x(G) of the graph G. As stated 
by Welsh and Powell, 'The problem of determining this chromatic 
number of a graph G is a well known unsolved problem'. This does 
require qualification since the case for n = 2 was settled in the 
following theorem by Konia 12 paves, | 

Theorem 2.1 A graph G is 2-colorable if and only if no cycle 


in G has odd length. 
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Several bounds have been found of x(G) for an arbitrary graph 

Vt 
G. Erdos [27, pp. 31] points out that if K(G) denotes the number 
of vertices of the largest complete subgraph contained in G, then 


K(G) S°X4G)" “1f Gis an arbitrary graph with vertex set V, and 


D = maximal d(v), veV, the maximal degree, then G is (D+1)-colorable. 


This result was improved by Brooks [11] as given in the following 
theorem: 
Theorem 2.2 Let G@ be a connected graph, not a complete 
graph, and D its maximal degree. Then G is 


D-colorable. 


Denote the degree of a vertex vi of the graph G by d;. Without 


loss of generality, assume that 


Welsh and Powell improved the upper bound of x(G) by showing 
that G is a(G)-colorable for 
a(G) > max. min(d.+1,i). 
They also give an algorithm for finding such a a(G)-coloration. 
However, there are graphs for which a(G) - y(G) may be arbitrarily 


large. 


The previously discussed methods of Formby [20], Peck and 
Williams [41], and Williams [47] all apply to finding upper bounds 


of x{G). 
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The above considerations pertain only to preventing vertices 
from being assigned the same color. Welsh and Powell state that: 
'Ilt does not answer the much more difficult problem, 
which occurs in practise, when in addition to an 
incompatibility matrix we are given a pre assignment 


matrix P = [p..] which specifies that certain jobs must 
be carried out/on certain days ordained beforehand. ' 


It should be noted that a comparison of the CTT problem 
considered by Gotlieb and the CTT of Welsh and Powell gives rise 
to a hierarchy of CTT problems. Let the first of the problems 
be referred to as CTT(A) and the latter as CTT(B). The following 
shows that every CTT(A) problem can be formulated in terms of a 


CTT(B) problem, but that the converse is not true. 


The following indicates how any CTT(A) problem may be written 
in terms of a CTT(B) problem. Let each meeting of every class ina 
CTT(A) problem correspond to a class in a CTT(B) problem. To 
illustrate, suppose each class ch =k... Bel mes. CTA) 
problem has y meetings. Let oe s+, C, , be the corresponding 
classes in the CTT(B) problem. From the seviiitton of a CTT(A) 
problem, no two of these y classes can meet at the same hour. 
Consider the incompatibility matrix M of the CTT(B) problem. Al) 
the elements of M that correspond to pairs of classes from the 


above set of a classes must equal 1. Next, suppose that teacher 


t is to meet classes s and il in the CTT(A) problem, exactly 


mimldoig TTD sd %6 noe! veqmos & send befon ad bivode gt | 7 

gq zevip |fswod one NeteW jo TTD snd bne det (tod ye bavsbienoo 
enoideng ait To seri¥ ett 281. <enefderg TT Yo ysanewein @)@7 9 
eniwolfo? sit .(8) 710 25 ysiz6! of Dis (A) 173 e5 03 bavistey sé - 


6 to amiga ol bedelumvot 9d neo safdoyg (A) TTA yavs tery awn 


_ 
‘aud Jop 2) sesaunos ond tedt aud .msidorg (OpTTD 7 

-_ 

aeizinw sd ysm maidoyvg (A) TTD yas: wor zBjeolbol onmiwollot ent ; : 
a 


6 ni @@nl> yeva Yo paliesm dose tad .maidoyy (8/173 8 to amveg Al . 

oT .ms(doig (8)TTD s nt e2ef> 6 od tnoyeerTOD Insidotg (ayn, - : 

(A)TTQ 6 nl ay. s- Tek 15% #3819, chesazadque ssarseull fe 
enibnogzantos ad} sd, parte a a ded 2pnis ose y zn) malderii 

(Ayr? & to nota int¥sb att moit «mafdorg (8) TTD sr2 nm) aomeaty _ 
worl shee atl) 26 Isem b> gsezela’ 7 S2snt to owFson imatdasg 

FOR matdorg (B)TTD oft Fo. M xlvsan y2Tildisegnognl od: qablanad 7 

ce, pa %6 an i&q oF bnogesr ray sent)" Yo eigen (eH : 

dose) 3613 #20 que oe | Toupe devm a8ezefo Ao: 196 ede 

Ae has ee al cya be + zeeenls 199% onal 


“ 


a and a times respectively. Without loss of generality, 


let Sposa “deg and crphgen oad Cite. , be the corresponding 


Lj 


classes, in the CTT(B) problem, which teacher t, must meet. No 
two of these bins ce fie classes can meet at the same hour. 
Otherwise, teacher t, must meet more than one class during some 
hour. Thus, all the elements of M that correspond to Pairs of 
classes from this set of I + a classes must equal |]. In 
general, this applies to any teacher and any pair of classes, 


in the CTT{A) problem, which he must meet. Thus, every CTT(A) 


problem may be written in terms of a CTT(B) problem. 


The converse in not true: Examine a CTT(A) problem written 
in terms of a CTT(B) problem. Consider a pair of classes in the 
CTT(B) problem, that correspond to 'meetings' which belong to 
different classes in the CTT(A) problem. Furthermore, suppose 
that they are not met by the same teacher. Now set the requirement 
that this pair of classes is not to be assigned to the same hour. 


The problem cannot be stated in terms of CTT(A). 


Thus, the CTT problems corresponding to CTT(B) problems are 
more general than those corresponding to CTT(A) problems. This 
previously unrecognized relationship between CTT(A) and CTT(B) 


problems will be referred to later. 
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2.1.5 Integer Programming Approaches 
Hammer and Rudeanu [26], Harding (see [28]), and Zehnder [50] 


have formulated CTT problems as integer programs. However, as 
seen from the previous sections, the coloration of a graph is a 
fundamental subset of CTT problems. Consider the solution of the 
integer linear programs corresponding to the graph coloration 


problem. 


Karp [30] showed that the general 0-1 integer programming 
problem and the determination of the chromatic number of a graph 
are equivalent, in the sense that either each of them possesses 
a polynomial-bounded algorithm, or neither of them does. At 
present no such algorithm is known. However, discussion will be 
given of two different, yet related, integer formulations. Graph 


coloring problems may be posed in either of these formulations. 


First consider the hierarchy of COvertng problems (see [5]). 


Hall and Forman [24] suggested the use of a covering problem to 
find x(G). The vertex coloration of a graph G(V,E) can be posed 
as a set covering problem. For-example, let Ss; be a subset of 
vertices in G such that all the vertices in S; can be assigned 

to the same color. That is, no pair of vertices In S, are joined 
by an edge. Such a subset Ss; will be called a compatible subset. 


Let S be the set of subsets Ss; in G. The problem is to find a 
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minimum family of subsets in S such that every vertex of G is 


contained in some subset of the family. 


As an integer program, the problem is: 
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j lj mj ij | 
Ts = 0 otherwise, 
j = ale and 
m = lv. 
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The matrix A = (a ,a,), with one column for each 


Me Vail 


subset s.€S and one row for each vertex in V, is the (0,1) 
incidence matrix of vertices versus subsets. As compared to the 
simple covering problem where each ay has exactly two nonzero 
entries (equal to 1), the | in the set covering problem contain 


an arbitrary number of l's. 
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However, unlike the simple covering problem, the set covering 
problem has defied consistently efficient treatments (see [5]). 
No generalization of the ideas used in direct and efficient 
algorithms for the simple covering have proven themselves for the 
set covering problems. Balinski [4] states that 'The discovery of 
a computationally efficient algorithm for solving the general 


covering problem would truly be a major contribution'. 


There is another difficulty in posing the graph coloring 
problem as a set covering problem. Determining the set S of all 
subsets s. is a major task. Approximations (see [24]) must very 
quickly be introduced in practice, due to the vast number of 


subsets Si. 


The second formulation of integer programs relates to the 
hierarchy of problems associated with networks. The formulation 
frequently stated in the literature [7,14,29] for the existence 
of face 4-colorations of planar graphs is the same for any 
coloration problem: Let each vertex v, of G(V,E) with |v] =m 
be represented by a variable x where xX, can take on integer 
values 0,1,...,n-!. For two adjacent vertices V, and Vi» 

x; é ae The constraint may be stated as Xi 7 f 2) ior « - xy cae 


This pair of constraints do not have to be satisfied simultaneously. 


Defining a function f(x) = F(x) 5+++5%,) Such that, 1 (x) = 00 1t x 
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represents a n-coloration and f(x) > 0 otherwise, and rewriting 


the above pair of constraints as suggested by Hu [29] so as to 


obtain a convex solution space. 


min f(x) 
subject to 


=X, xX, = m6.<-,c 071 
| J 


Then the integer formulation is 


For all edges in G, each 
coincident with a pair of 


vertices V; and Ms in G. 


For each edge incident with 


vertices Vi and Ms in G. 


If the minimal value of f(x) becomes zero, then an n-coloration of 


G exists. If the minimal value of f(x) 


is greater than zero, 


then an n-colaration of G@ does not exist. 


Consider the following definition. 


Definition 2.1: A matrix A is said to be totally unimodular if, 


and only if, every subdeterminant of A equals +1, 


ele (0). 
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The following theorem was proved by Hoffman and Kruskal 
29 eppanl 25). 

Theorem 2.3: A necessary and sufficient condition for the 
existence of an integer optimum solution of a 
linear program with constraints of the form 
Ax £ b and x 2 0 is that the constraint matrix 


A is totally unimodular. 


Corresponding to any edge in G and one of the vertices 
incident to that edge, consider the following two rows of the 
constraint matrix of the above formulation: 


“Samer I. Pocrees - | 
i j ij 


x, Steele 


These rows demonstrate a subdeterminant not equal to 0 or +]. Namely, 


-| -n 


i 
= 


Of course to avoid triviality, n > 1 is assumed. Hence, the above 
integer linear program does not reduce to a linear programming 


formulation that has an integer optimum solution. 


It should be noted that there are network oriented integer 
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programs whose constraint matrices are not totally unimodular, but 
for which efficient algorithms exist. One example is the matching 
problem where a maximum matching is to be found. A matching in a 
graph is a subset of edges in G such that no two meet the same 
vertex in G. The constraint matrices are totally unimodular only 

if the graph G is bipartite; that is, the vertices of G can be 
partitioned into two parts so that each edge of G meets exactly 

one vertex in each part. Edmonds [18,19] and Witzhall and Zahn [49] 
found combinatorial algorithms for matching problems corresponding 


to non-bipartite graphs. 


2.1.6 Dynamic Programming Approach 


Again, as in the previous section, consider G(V,E) with |V| =m. 


Let 


1. x. be the variable relating vertex Vi of G to the color 


to which iF is (to be) assigned, 


25 x. be the definition set of each Xe defined to be the 


integers fy... 503 
3. X be the Cartesian product of al] Xs 


h, E be a subset of the finite set X such that (x. ,-.+,x,) 


e E if, and only if, (x 14 5X) represents an n-coloration of G; 
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5. F(x),.++5x)) be a real function of m variables xy las 1, 


ie F(x) 5.055%) 


0 where (x1 y++65X,) represents an n- 


coloration of G; and, F(x) ,.0+5%)) > O otherwise. 


Consider the following definitions given by Bonzon [9]. 


Definition 2.2: 


Definition 2.3: 


Definition 2.48 


A discrete optimization problem is the 

+ + 
search for a sequence (xp 5.005%), called 
the optimal solution, giving the function 
Flxy,.-.5%), called the objective function, 
its global minimal value over the set of 


sequences (x 5+++5x,) é E called feasible 


solutions. 
A graph of constraint is the subset E@ X. 
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Definition 2.5: Suecesive cuts of the graph of constraints 
E by a given sequence (x) 5+++9%s_ 4) are the 


sets C. (xy 5+-65X-_ 1) a aa { (xy 5-42 5%, 1% Je Pt, 


it 
0 


he ty oaese wn C 


Definition 2.6: A chained graph is a graph of constraint in 
which the successive cuts by a given sequence 


(x) 5+++5%._y)e P. 


= do not depend effectively 


on all components of the sequence, but only 

GuLthe tas Pkoney Ace. C(x) 5-22 9Xs_ 4) =E (x. 4), 

for any (xp s00 2X y 

The required result by Bonzon [9] can now be stated. 

Theorem 2.4: A necessary condition for a discrete deterministic 
optimization problem to be solved by dynamic 
programming is that the graph of constraint be 


a chained graph. 


In determining an n-coloration (or the existence thereof) 
of a graph G, generally there does not exist a sequence 
such that the corresponding graph of constraint 


(x xX i)e P. 


porte oF 
is a chained graph. That is, the color to which any vertex can be 


assigned cannot be assumed to depend on only one other vertex. For 


example, consider the following graph, and Jet E be the set of 
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Figure 2.1 Graph G 


all n-colorations of G, regardless of how the vertices of G are 


labelled. Then: 


Ain (35 
Py = { (x, , Xo» x3): there exists xy | x), # Xp> Xy # Xoo Xp 3 x3}; 
tee Ox), x5): there exists x3 | X. # X15 X # Xo}; 

Pad {(x,): there exists x, | x. # x}; 


Cy (x, Xo» x3) = {x3 (x), Xo Xgo x) € eae = E, (x), Xo» x3) 5 


C (x), 5 al a all ve (Po, = E (x, MT 


a aees a 3 : 
(x), xp) € ol =e (x); and, 


Clearly, the graph of constraint is not a chained graph. 


Thus, neither the question of existence nor the determination 
of an n-coloration of a graph can be answered in general by dynamic 


programming. 


2.2 Gonclisions 


As for the existence of a solution to the CTT problem, it has 
been shown that a fundamental problem is the existence of an n- 
coloration for an arbitrary graph G(V,E) with |vV| =m. If 
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known to be a complete graph, then the question of existence is 
answered. Otherwise, the question of existence remains a 

difficult problem. The only established upper bounds on the order 

of computation are those corresponding to enumeration and the algorithm 
of Turksen and Holzman. These bounds are in the order of n™. If 
preassignment constraints are imposed upon a coloration problem, 


then the question of existence remains entirely unanswered. 


In practice, heuristics are for the most part the only 
alternative for finding a solution to CTT problems. However, any 
deterministic tools which may be used with heuristics would be 
beneficial to practitioners. Graph theory and combinatorial 
analysis have provided the most powerful tools available. Of 
course, the need for more deterministic methods depends upon the 
problem. For example, it is intuitive that the closer n is to 
x(G), the more difficult it is to find an n-coloration. The 


question is trivial when n 2 m. 


The work in the subsequent chapters has been reported in 
terms of graphs. The main objectives of the research reported 


can be stated as follows: 


1. To improve on the number of cases when the determination of 


the existence of an n-coloration of a graph can be realized. 
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2. To make an extension to the question of the existence of 
an n-coloration of a graph, so as to include graphs with pre- 


assignment constraints. 


3. To make an extension to the question of the existence of 
an n-coloration of a graph, so as to include graphs with constraints 
that prevent certain vertices from being assigned to certain colors. 
Both the number of colors and the colors themselves, to which a 
given vertex is not to be assigned, may vary among the vertices. 
Again, these constraints correspond to requirements that occur in 


practical CTT problems. 


4. To provide the basis for a more flexible means of 
determining an n-coloration of a graph, assuming that such a 


coloration exists. 
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CHAPTER 3 


THE EXISTENCE OF COLORATIONS 


In this chapter, the existence of an n-coloration of a graph 
is discussed. An upper bound of y(G) is given in Section 3.1. 
Also, the inherent weakness of any upper bound of x(G) is pointed 
out. A necessary condition for x(G) to be greater than K(G) is 
given in Section 3.2. Then in Section 3.3, a general method for 
determination of the existence is given; this method is directed 
at cases when By Sich 45 By where BE and By are lower and upper 
bounds of x(G) respectively. These results are used to find 
properties of the adjacency matrix of a graph. These properties 
are sufficient for the number of steps required by the method 
to be bounded by a polynomial, or almost so. These properties 
are reported in Section 3.3. The most significant property 
identified is called the triangle property. The triangle property 
is irelated»to thesclass, of triangulated graphs in Section 3.4. 


Some ideas related to the triangle property are used to prove a 


result in graph theory. This result is given in Section 3.4.2. 


3.1 Upper Bounds of x(G) 


Upper bounds B, Of x(G) can be useful for determining the 


U 


existence of an n-coloration of a graph G. If nz By then an 
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n-coloration of G is known to exist. Known upper bounds for x(G), 
such as those given by Brooks [11] and Welsh and Powell [46], are 
not necessarily the best possible for all cases. To illustrate, a 


procedure for finding another upper bound of y(G) is given below. 


Consider the following: The partition number 7 = nm(G) is 
the minimum number of vertex disjoint complete subgraphs of G 
that cover the vertices of G. The complement G of a graph G has 
the same vertices as G. Two vertices are adjacent if, and only if, 
they are not adjacent in G. Let m be the parition number of c. 


Nordhaus [38] proved the following theorem. 


Theorem 3.1 For any graph G, x(G) = 7 and x(G) = 7. 


Let S be the set of all complete subgraphs in G. Let S, 


be an element in S such that the order of S, is greater than or 


1 
equal to the order of any other element of or Clearly, Sy is not 


a null graph. Similarly, define S, to be an element of S$ - {s,} = 


2 


{all the complete subgraphs in S which are not vertex disjoint with 


S|}. Continuing in this manner, define a sequence S, of vertex 


disjoint complete subgraphs such that 3 a0. “Since 6 thas! ei niite 
vertex set, there exists a finite integer 7' such that S. = 9 for 
Per Mandl oaeSrionero rn eer". 


Then 7' is an upper bound of y(G). The method also provides an 
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is an improvement over the bounds of Brooks [11], and Welsh and 
Powell [46]. A significant point is that no upper bound can be 
considered to be consistently good. However to indicate an 
example, the graph in Cole's [1]] example is a case where 7m! js 

an improvement over previous upper bounds. Welsh and Powell [46] 
show that their upper bound equals 14 for Cole's example. Welsh 
and Powell also show that Brook's upper bound equals 20. Applying 
the above procedure to Cole's example, the upper bound t' was 
found to equal 9. Thus, Cole's example may be documented as a 
case where m' is an improvement over previous upper bounds. 

lf the number n of available colors is such that n < Bye then 

no conclusion from the upper bound By as to the existence of an 


n-coloration can be made. This is true, regardless of how good 


any upper bound By of x(G) may be. 


3.2 Lower Bounds of x(G) 

As stated earlier, the best known lower bound of x(G) is K(G), 
the order of the largest complete subgraph in G. Also, there 
exists graphs for which the difference x(G) - K(G) is arbitrarily 
large. A condition that must hold if x(G) is to be greater than 


KiG) Sis i blustrated, below. 
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Before stating Theorem 3.2, the following lemma is proved. 
Lemma 3.1: Given G(V,E) and G not a complete graph. If x(G) > 
RiGee kik = 0), Mh?) then there existsea 


vertex v « V such that degree d(v) = K(G) + k. 


Proof: Suppose there does not exist v e V such that 
div) 2 K(G)k for some kK =O, 1... 2 Then for any ve Vi, 
d(v) < K(G) + k. From Theorem 2.2, x(G) < K(G) + k. Thus, there is a 


contradiction. Omens 


Corresponding to any v. eV of a graph G(V,E), define V. 
where 
V. = {v|v e« V and v adjacent to vertex vit. 
Theorem 3.2: Given a graph G(V,E) which is not a complete graph. 
Then there exists v, ¢ V such that d(v.) > K(G). 
Furthermore, there does not exist V.¢ V; such 


that there exists a complete subgraph G' (Vv. ,E') with 


ly = KiG), 


Proof: From Lemma 3.1, there exists vee Vstien that 


d(v.) 2 K(G). Now suppose V; ¢V. such that Vil K(G) and there 


exists a complete subgraph G'(V.,E') in G. Since v, £ Ve, then 


V ¢ Ve. Also, v; is adjacent to every vertex v € Vi5 and hence, 
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Was Mis Then there exists a complete subgraph of order K(G) + 1 


in G. However, this is a contradiction. Oo ED 


The above condition is necessary for x(G) to be greater than 
K(G). However, as no condition which is both necessary and 
sufficient has as yet been established, the best known lower 
bound ofiwmex (Gk nemalnseasisklG)la sthatelsi,sifunss K(G)i, thensthe 


existence of an n-coloration is indeterminant from K(G). 


3.3 Sufficiency Properties for Feasible Computation 


Corresponding to CTT problems, one is typically given an 
adjacency matrix A, and the problem is to determine the existence 
of an n-coloration of the corresponding graph. Tools for the 
determination of the existence of an n-coloration are required in 
cases of indeterminancy. Such cases, as discussed in the previous 
two cases,arise when K(G) Sn < B where B vats the best known 


upper bound of y(G). 


A general method for establishing the existence of an n- 
coloration of a graph is given in Sections 3.3.1] and 3.3.2. A 
property of the adjacency matrix A, called the triangle property, 
is identified in Section 3.3.3. This property is sufficient for 
the number of steps required to be bounded by a polynomial. 


Cases are discussed, in Section 3.3.4, when the order of computation 
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required by the method presented is exponential. These cases 

are exponential to a much smaller degree compared to the degree 
for the most general case discussed in Section 3.3.2. An 

example, in Section 3.3.5, demonstrates the use of the results 

to determine the existence of an n-coloration. The order of 
computation required to determine the existence of an n-coloration 
using the results presented is compared to that using a multi- 


stage decision process. 


3.3.1 Conditions Under Which An n-coloration Exists 

Given-a graph G(VjE) with |V|:= mau If theresare n aval lable 
colors and if all the edges of G are neglected, then there are n™ 
possible colorations of G. Each time a non-adjacent pair of vertices 
in G@ is adjoined by an edge, there is a possible reduction in the number 
of n-colorations of G. In order to facilitate counting the total 
number of n-colorations eliminated by the edges in E, the n-colorations 
of G can be placed in one to one correspondence withza set of paths in 


a tree. The following discussion formalizes such a correspondence. 


Before proceeding, some terminology is required. A graph with 
no cycles is acyclic. A tree is a connected acyclic graph. A rooted 
tree is a tree with one of its vertices distinguished from the others 


by being called the root. Let R refer to the root vertex. A terminal 
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vertex of a rooted tree is any vertex v such that the degree of v 
equals 1. A complete path in a rooted tree T is a path:such that its 
first vertex coincides with the root vertex R. The number of edges in 


a path is called its length. 


Construct a rooted tree T whose vertices are labelled, though 
not uniquely, in the following recursive manner. Let T have a root 


vertex R. Let there be n vertices, labelled Xpperrso kes adjacent to 


vertex R. Then let there be n vertices, labelled Xpporee Xs 
adjacent to each of the vertices labelled mG PIS ES Ke ae for 
i = 2,...,m. Note that the vertices of T are not uniquely labelled. 


Define P' as the set of all complete paths of length min T. For 
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), define p # p' if and only if there exists at 


complete paths p and p!' in T,-where p = (R, 


(R,x sf 5 se 3c 
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least one. i771 
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i Sm, j, #j,. Note that |P' [hat n 


Let G' be a graph with a set of vertices V, as in G, and a set 


of edges E = 8. Label the m vertices of G and G' as VirreeoVee 


Denote an n-coloration of the vertices Vitae ans in G@ and G' as 


(x); ea ) where ag denotes vertex v. having been assigned to 
| m i 
Colon on or , and where on is the set of n colors available. 
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Let sets C and C' correspond to all] the n-colorations of the 
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labelled graphs G and G', respectively. Then |C'| =n and 


0 <|c|Sn™. G is n-colorable if and only if |c|>0. 


lf ¢= (x1 Hg Sn] jevesC'. a mappingse from Cle to.PLecanibe 
| m 
defined such that o(c) = (Rx) 5 pre sXe ), a complete path of length 
1 m 
m in trees]. sletep.= (RX), ree aX ) be any element in P'.. Then 
] ail 


there exists a coloration ¢c eC!) Such that’ o(c)i=Jp.. Thusi,.p is an 
Onto mappings. LeteckandsG ewGuesuchathat cee cc’: then. oc) # oc!) 
Therefore, 0 is a one to one mapping. Hence, there is a one to one 
correspondence between the n-colorations of G; and the complete 


paths of length m in T. 


Because any coloration of G is a coloration of G', then C&C'. Let 
p(C) =P. Then PSP!’ and |c' - ¢|.= |p" =,P|. Thusp Gils n-colorable 


(ttandionly if iC" = Cip< n”, or equivalently, if |P' = P| < Te 


Thus, a correspondence between the n-colorations of G anda 


subset of all complete paths of length m in a tree has been established. 


As well, the condition under which an n-coloration of G exists has 


been given in terms of a subset of all complete paths in the tree; 


namely, |P' - P| < re 
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3.3.2 Enumerative Properties of the Set P' - P 


In Section 3.3.1, the existence of an n-coloration of G was 


stated in terms of the order of the subset P' - P. P!' - P jis a subset 


of the set of complete paths of length m in a tree T with n terminal 


nodes. The following discussion concerns the computation of |P! - P|. 


Let A= la; 5] be the m x m adjacency matrix of a graph G(V,E). 


Let oo = {cle <«C;"and’¢ such that Vertilices V; and e of G 


are assigned identical colors}, 


and oe Crates i> j anda), = 1 In AP. 

nen, = Wel: 

“a is the set of colorations in C' that violate the condition 

coreesponding to hk | inomatrix A. Let e(C;) = Page Pipe Ci 

and a = 1 will be referred to interchangeably in the above context. 
J as =. be . . ee ° 

Then Ici -c) SUM yer c, | Mo set Pi 


To illustrate the above, let G = G(V,E) with V ={v, v9, v3} 
and n = 2. Then the partially labelled tree Ty inv Figure 3.1 with 
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root node R and 2” = 8 terminal nodes corresponds to the tree T. 
The 8 complete paths of length 3 correspond to the 2-colorations of 


the graph G'(V,E') with E' = @. Now, consider Ci with 
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i = 2 and j = 1. Then Co rs@thesseteof Zacolorations of °G?*suchs that 


vertices vy and Vy are assigned identical colors. Figure 3.2 shows the 


complete paths of length 3 that correspond to those complete paths in 


the set p(C.,) = Pos 
Dhtis. 1G aU geen Puede n" then an n-coloration exists. Otherwise 
Cree U3 
re We) P| = n” and no n-coloration exists. Next recall the following 


elementary set relations. 


From set theoretic considerations, given sets Sy) Sos and S3 such 


that S, NS, = G, then |S, U ola Sich og. Define S$) +55 = S, Us, 


and S$, - S, = {s|s € S,, s ¢ S,}. Then (S, - S,) $,= 5,8, - (Ss, n $3). 
Also if $, € S), then IS, sone IS, = Rae 
Denote the elements (i,j) € | as ECi Sy) see Gy dy pdt. Then 


from set theoretic considerations, 
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To evaluate the above expression, the determination of IN¢; jertPigl> 
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where |' Cf, requires consideration. Note that 
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Prior to giving several results concerning the determination of 
IMG ayer Peal. some preliminaries to facilitate proving those results 
are discussed. A labelling L of the vertices of the graph G will refer 
to a particular manner in which the vertices have been labelled. The sets 
PT el |'€ |, can be considered to correspond to specific sets of 


vertices V' € V and edges E' € E whereas the (i,j) correspond to a 


particular labelling L of the vertices in V. 


Let nm and I correspond to labellings Ly and L, of V respectively. 
] 2 
1 1 1 1 * ° ° es 
Let ly oy. and I cl, ‘ nm and I will be said to be isomorphic 
| l l 2 ] 2 
and written rt s I if there exists a one to one correspondence 
] 2 
between the edges corresponding to elements in IF and those in I 
l 2 
alten Pe then 
rie lee 
MMcioided! plaidd tealll (1a iden (eh iged 
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That is, the order of the intersection of the set of complete paths that 
are of length m in T, that correspond to colorations, and that have been 
eliminated by a given set of edges, is independent of how the vertices 


have been labelled. 


To illustrate, suppose n = 2 and consider a graph G with |V| = 4 with 


] 2 
{(3,2), (4,3)} correspond to the same two edges of G. The complete paths 


two labellings L, and L,. Suppose Hy SA(2 1) 32 ana ne = 
] 2 
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of length 4 that correspond to the intersection of the elements |' and 


L 
! 
ly are indicated by Tree T3 in Figure 3.3 and by Tree Ty in Figure 3.4 
ie 
respectively. Clearly 
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Figure 3.3 Tree T3 Figure 3.4 Tree i; 
Define the cardinal set D,, for |' G1, as D,, = {d| there 
| L Pal. | 
Ly l | Ly 
exists (i,j) € i such that d = i or d = j}. Next relabel V with a 
1 
labelling L. suchtharements bY fanditpeaeeant eo poe, Abo Tie, aesticl ta 
2 L u | | 
Z ] L L 
2 l 
relabelling is always possible: Arrange the [Dy | elements of Di 
L u 


l ] 
in ascending order, place them in one to one correspondence with the 


7 ee and label the vertices accordingly. 
L 
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Observe that [D., | equals the number of distinct rows (columns) of 
L 
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the adjacency matrix A such that each row (column) contains at least one 


(Mtedens: Wa acc. \\D 


element ar. = 14. Li 4 got less|,.. that. copresponds. to some relement 


Citi) Oui 


: 7 ; 7 _ . 7 
OS " : v Te: [a AN : 
; | ; ; “4 : ah 7 J ai 

Pol atta = lu (sist e S : 


j 7 


_ 


: ; ; ; 
: ; = ' - : - 
- - 
 « ; 
7 
Ee — : 
Pe i : : 
bys - : 
at gait = *.f swelt ¢! soiT £8 swipiF 7 
: . 
= 


eve? |b) = ; 0.26 is li yo? 0 t52 lenityes aia snfte® 
i! ele ‘i . 


I a = 
e dil V sadsis1 txt 210 = bare 1 = 5 tent done 41 (i,j) etetne 
ab 


@ Woe. of) Ohya Sell, = Pre fh > a reid sue’ eA poll iedet 


J 4 
[ § — 7 
te to 2tnsnels | net ais paket A ssidierog eyewle el pall iadetas a 
hs H ‘an 
aft. d7iw sonsbnogeavie> sno.6% sao ni modt eselqg robo gnibnedes ai ot 7 
.ylgnttaoose essisvev shi (adel bos | 4 0],.+-<F Siagenet 7 
(7 a ; 
Sa? eno tonideib to vadmun ont’ elaupe | iil wera svasedd 
7 2 
-_ ano d2g91 Je enlaino> ttoa) wor tne: a ee apetine ana’ . . 
7 


Inamel> soe os ebnogesr103 jens ,b> tb 16 Ls Fl =; 76 Insmate 
eft StL, #) 7 


40 


A labelling L, has been defined. The cardinal set for nt has a 
particular property. Due to the following lemma, a further relationship 


between the two labellings Ly and L, is shown to hold. 


Lemma 3.2 Given labellings Ly and L, of V such that I; ~ If » and 


Then for each d, 1 s7d s an |» 
1 


there exists (i,j) el) such that d= a. 
2 
Proof: Define a permutation operation as follows: 
A permutation operation on the adjacency matrix A of a graph G from 


position (p)>P5), P, > Py» to position (P35Py), P3 > p,, in A consists of 


1. interchanging rows and columns Po and Py 
2. interchanging rows and columns Py and P3> and 
3. relabelling the vertices of G such that the subscripts 
of the elements of A correspond to row (column) numbers 
of A. 
The effect of a permutation operation is a relabelling of the vertices of 


G so that the element a in’A is moved’ ‘te the “(p--p.)" posi tion, 
P2Py, ie 


Suppose now that labelling L, of V is such that there exists 
deetl (odes [D,, |, such that there does not exist (i,j) € nH for which 
Ly 2 
d= i. Beginning at row 2 of the adjacency matrix A, perform as 


necessary a series of permutation operations on the first [Di | rows 
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(columns) of A so as to get an element corresponding to at least one 
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Cie ine |! in each of the rows 2,...,[D), |. If for some row d, 
2 L 
2 


1S dS D,, , there does not exist an element a = eipts>ap., 
i P\P. | 73 


corresponding to some (i,j) € I} 
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by means of a permutation operation, then there does not exist = an 


and no such element can be moved there 


Cause i Suchethat d = 1Forrd<«= f. "BUL thisiisiaa 
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contradiction. Hence the assumption is valid. Q.E.D. 


Having given some preliminaries, a series of results related to the 


computation of La Pe are stated and proved. 
Lemma 3.3 IP; alee 
Proof: Without loss of generality, assume i = 2 and j = 1. 


This can always be obtained by a series of permutation operations on the 


adjacency matrix A. By definition, 


Pei = {p|p € P' and p passes through both vertices Xe 


and XK for some. integerak,ol S k & nt. 


From the definitions of the tree T, there are ne elements of an passing 


: ~ = iia we 
through vertices x, and Xo fOr kK = liven ghee Nence Ps nen 
Sa O-Ee D. 
Defining. m,n, and labelling L,. L, with J, “and. |, aseabove, then 
2 | 2 Ly Lo 
Lemma 3.4 is a generalization of Lemma 3.3. 
> > m+1-|D j | 
Lemma 3.4 Given Line det then MG jet! Pi in kia 
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Though the order of computation for determination of the existence 
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algebraic (bounded by a polynomial) were given. Cases for which the order 
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Proof: Define the function f(i,j) = i and let max 
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3.3545. AN Example for Comparison to Previously Known Methods 


A graph for which prefiously known methods for the determination 


for the existence of an n-coloration are indeterminate is illustrated 


below. 


Consider a connected graph G with vertex set V, lv | = 17, and 


an adjacency matrix A where 
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Suppose that the existence of a 3-coloration of G is to be determined. 
The existence of a 3-coloration cannot be determined from the known 
bounds of x(G). K(G), the order of the largest complete subgraph, 

is the best known lower bound of X(G). Using an exhaustive search, 


K(G) is found to equal 3. The degree of each vertex V; in G equals 


17 
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the upper bound of Brooks [11], is found to equal 8. In order to 


By comparison of the sums d., the maximal degree D, 


evaluate ®(G), the upper bound of Welsh and Powell [46], reorder the sums 
Le of ie i=l,...,17 according to decreasing order and obtain the 
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sequence 8,8,6,4,4,4,4,3,3,3,3,3,2,2,2,2,2. To evaluate (G), 


find the minimum of the value, 
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increased by 1, of the ith element in the above sequence and of i. Doing 
this for each element i (i=1,...,17) gives rise to the sequence 1,2,3,4, 
44, 3,3,3,3,3,2,2,2,2,2. Then a(G), which equals the maximal element 


in the sequence just obtained, equals 4. 


To find the upper bound provided by the method of Peck and Williams 
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as many vertices as possible, beginning with the vertex of maximal 
degree and always choosing the vertex with as high degree possible first, 


topthestirst color Cy. Remove those vertices assigned to the first color 


from the set of all vertices and then repeat the same procedure, assign- 


ing vertices to the second color c Continue on this basis until all 
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vertices have been assigned then resulting coloration is as follows: 
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are assigned to color Cas and vertices Vo» Vig are assigned to 
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color Che Since 4 colors have been used, the upper bound provided 


equals 4, 


The method of Williams [47] is very similar to that of Peck and 
Williams except that instead of using the sequence of degrees POO 


for determining the order in which to choose the vertices, use a 
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154,76,80,73,47,75,48,43,48. Then the resulting coloration is as follows: 


The sequence bagtacet is easily shown to be 76,90,162,60,119,60,46,49, 


Vertices V3, Yior “iy? Ye: is: are assigned to color Cys vertices Vg» Vo» 
Vi» Vago Viz? are assigned to color c vertices Ves Viae Ya> Yoo» Va» Yaz 


and vertex ie is assigned to color Cy Again, 


De 
are assigned to color C3, 


since 4 colors have been used, the upper bound provided equals 4. 
The method of Formby [20] arbitrarily assigns each vertex a 
different color and then attempts to reduce the number of colors required. 


Applying it to the above example, assign vertices v to colors 
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c respectively. Then find the color with the lowest possible 


pro 47 
subscript that can replace color Cy: Next find the color with the lowest 
possible subscript that can replace color Coe Continue in this manner 
until all colors have been considered. Any colors that cannot be 
replaced must be a necessary color. For the above example, this method 


provides a coloration of G that requires 4 colors and hence provides an 


upper bound equal to 4. 


Thus the existence of a 3-coloration of G cannot be determined from 
the bounds of X(G) as 3 is in the interval [B, .B,) where Be = 3 and the 


best upper bound B,, is equal to 4. 
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Now pose the determination of the existence of a 3-coloration for 
the graph G as a multi-stage decision problem where at each stage i, 
vertex V; must be assigned to one of three colors such that Vv is not 
assigned to the same color as some ey i.<_ ty that iscvadjacent ito Vie 


Previous discussion showed that this approach is generally not feasible 
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in that the computation required often approaches that of total enumer- 
ation of all possible 3-colorations. A further demonstration thereof is 


given by applying this approach to the example being considered. 


The existence of a 3-coloration is established after a decision has 
been completed at each stage. The non-existence of a 3-coloration is 


established only after all possible decisions have been attempted. 


Suppose the decisions at stages 1,...,15 have been completed and 
let these decisions be as follows where (vi 4c.) indicates vertex V; is 


assigned to color ci (v).¢,), (vo5C5), (v35¢3), (Vio), (vesc)), 
(ve sc3); (vo,c,)5 (ve,Co)> (VgsCo) » (Vigra) > (Vi iscr)> (Vio) > 
(Vic), (Vi yoo)» and (Vi5C3)- But now no decision is possible at 


stage 16 as vertex v is adjacent to vertices v,,, v,,, and v,,;. Hence 
16 12 13 14 
back-up, so as to alter previous decisions, is required to determine the 
existence of a 3-coloration. Furthermore, the order of computation 
required approaches total enumeration of all solutions unless of course 


a 3-coloration is found prior to this exhaustive search. 


To determine the existence of a 3-coloration of G using the results 
presented in the previous sections then re peirig! must be computed 
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where, corresponding to the adjacency matrix A, 
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er A, equal the submatrix that is indicated within the matrix A. Thus 


A has the form corresponding to an almost algebraic case in Section 3.4.4. 


That is matrix A has the triangle property, except for the submatrix Ay. 
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To realize the advantage of the given results compared to using the 
multi-stage decision process, consider a general graph G' with [v| =m 
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and where A' is defined so that the triangle property holds everywhere in 


A' except possibly within the submatrix A,- That is, for any a; j = 
ie 


sh of =i, jy < jy < i! and aia Z Ay then Bu = 1 by definition. 
Vertices ui and Sy correspond to the first and last rows of the sub- 
matrix A, respectively as well as rows ig and iy CiAte 

Define NZ as the number of non-zero elements coe in A* with i > j 
and ig < sie iy. Then the order of computation to determine the exist- 
ence of an n-coloration, using the given results, is bounded by |E| + oe 


Considering that ae = 10°, then the required computation is certainly 


feasible for very large values of |E|, and hence |v|, as well as more 
modest values of NZ. Comparing this to nn the bound for a multi-stage 
decision process for determination of the existence of an n-coloration, 
there are many cases for which a method based on the given results 


compares very favourably as well as being feasible. 
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computation required for determination of the existence of an n-colora- 
tion. This section first gives a relationship between the triangle 
property and triangulated graphs. Secondly, the order of the largest 
complete subgraph contained in the medial graph of any cubic graph is 
shown to be 3 by means of being able to determine the 'extent' to which 
the triangle property exists within a sequence of adjacency matrices. 


The significance of this result is given. 


3.4.1 The Relationship of the Triangle Property to Triangulated Graphs 


Before relating the adjacency matrix of a graph having the triangle 
property to known results in graph theory, a few definitions are 
required. Namely, a chord is an edge joining two non-consecutive 
vertices of a cycle in a graph. A graph is said to be triangulated if 


every cycle of length greater than 3 possesses a chord. 
Then the following theorem can be proved. 


Theorem 3.7 If a graph G has an adjacency matrix with the triangle 


property then G is a triangulated graph. 


Proof: The result is immediate for a graph G(V,E) with |V| $ 3. 
The proof follows from induction on m = ce Suppose it holds for graphs 
with m vertices. Consider now a graph with m+ 1 vertices whose adjacency 
matrix A has the triangle property. The submatrix A' of A consisting of 
the first m rows (columns) of A corresponds to a subgraph G' of G with m 
vertices and an adjacency matrix A' that has the triangle property. Thus 
G' is a triangulated subgraph. G' corresponds to a graph G with vertex 


and edges incident to v deleted. From the triangle property of A 


¥ m+ | 


m+] 
then for any pair of vertices adjacent to vertex ae there exists an edge 
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joining that pair of vertices. Hence any cycle passing through v has 


a chord. Thus all cycles in G have a chord. Q.E.D. 


In order to prove a converse to the statement in Theorem 3.8, the 


following lemmas are required. 


Lemma 3.6 Given a triangulated graph G(V,E). Let ¥ € V and E= = {ele c E 
and e incident to V}. Then the subgraph G'(V - 9, E - ¥) of G 


is triangulated. 


Proof: Since any cycle in G not passing through v has a chord 
that does not coincide to any edge in ES, therefore G' is triangulated. 


Coe Ue 


Lemma 3.7 If the graph G(V,E) has a cycle, then there exists av e V 
such that either d(V) = 1 or such that there exists a cycle 


in G passing through any pair of distinct edges incident to v. 


Proof: Choose any v = Vv, € V. If either of the required 


properties hold for v, then the proof is complete. Otherwise there 


] 


exists a vertex v = v 


2 adjacent to Vy such that there does not exist a 


cycle in G with edge (Vy sVo)- line d(v,) = ] then the proof is complete. 
Otherwise d(v,) Lame iid ellie V5 is adjacent to a vertex v = Vas V3 # Vie 

for which either of the properties hold, then the proof is complete. 

lf not, there exists av = V3 such that V3 is adjacent to Vo and for which 
neither of the desired properties hold. Now V3 7 vy for otherwise there 
exists a cycle with edge (v1 »Vo) in G. But this is a contradiction, the 


implication being that there exists a vertex adjacent to Vo such that. it 


has one of the desired properties. Furthermore, if there exists a 
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cycle in G with edge (Vo 5V3) then choose a vertex v = si such that there 
does not exist a cycle with edge (V35Vy) Such a vertex exists by 


cerini tronsot ‘V.. Also Vy # Vo: lf va =v, then there is a contradic- 


3 


tion since edge (v)5v,) is “inves 


| 


Replace v, by V3 (by Vy, if there exists a cycle in G with edge 


(Vo5V3)), V5 by Vi, (ve), V3 by Ve (ve), and Vy by v., if necessary, in 


7? 
the above. Then repeat the procedure. 

Each iteration of the above procedure adds 2 (3) edges to a path in 
G. After at most m/ 2 or (m+ 1) / 2 iterations, according as m+ 1 is 
odd or even, a vertex with the desired characteristics will have been 
determined. Otherwise a cycle containing an edge which presumably was 
not in any cycle of G has been determined and there exists a contradic- 


Ory ere. Ds 
The next theorem proves the converse to Theorem 3.7. 


Theorem 3.8 For any triangulated graph G(V,E) there exists a labelling 
of the vertices of G such that the adjacency matrix has the 


triangle property. 


Proof: The result holds for triangulated graphs with |v | =m 


vertices. Assume it holds for all triangulated graphs with S$ m vertices. 


Consider any triangulated graph G with m+ 1 vertices. If there 
does not exist a cycle of length 2 3 in G then G is a tree and must have 
a vertex v with degree |. Let ES be as previously defined. Then from 


Menma 290 the «subgraph. Gv = Vv; E = E-) of G is a triangulated subgraph. 
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Hence G' has a labelling such that the corresponding adjacency matrix 
has the triangle property. Label the vertices in V - ¥V of G as in G' 


and V as Mie Then since d(v) = 1, the proof is complete. 


Now suppose there exists a cycle of length 2 3 in G. From Lemma 


3.7, there exists a vertex V € V such that d(V) = 1 or such that there 


exists a cycle passing through any pair of edges incident tov. If v 
is such that d(v) = 1 then proceed similarly as in the case for G 
having no cycle of length 2 3. If there exists a vertex v € V such 
that there exists a cycle passing through any pair of edges incident to 


v, let C be any cycle passing through v. Let c, have length L 


l 1° 


Suppose L, > 3. Since G is triangulated there exists a cycle Co of 


| 


length L, < L, and passing through v. Similarly if L 


3 of length L, < L, and passing through v. Continue in this 


fashion until a cycle C, of length L. = 3 and passing through v is 


D > 3, there exists 


a cycle c 


obtained. This holds for any pair of distinct edges incident to Vv. 


Hence any two vertices adjacent to Vv are themselves adjacent. 


Again GeV =ayv" ES E-) has a labelling such that the corresponding 
adjacency matrix has the triangle property. Then label the vertices of 


G in V - v as for G' and label v as v Then from the above arguments, 


m+] ° 


there is an adjacency matrix of A with the triangle property. Q.E.D. 


The relationship between the triangle property and triangulated 
graphs provides an alternative method for identifying a graph G as 
being triangulated: Rather than determine whether every cycle of length 


greater than 3 possesses a chord, establish whether G@ has an adjacency 


matrix with the triangle property. 
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3.4.2 Maximal Complete Subgraphs Within Certain Medial Graphs 


Prior to stating the main theorem proved in this section, cubic and 
medial graphs are defined. As well, some results that pertain to cubic 


graphs are stated. They are required in the proof of the main theorem. 


A cubic graph is a regular graph of degree 3. The medial graph G 
of a given graph was defined by Ore [40] in the following manner. On 
each edge e, € E of G, a midpoint Vv is selected. When two edges e. and 
oe in G are incident with the same vertex, join V; and ur by an edge 
(V.,¥.). This procedure yields a new graph G with vertices VF e€ V and 


J 
edges (Vi5v5) e E. G is called the medial graph of G. 


There exist cubic graphs G(V,E) of even order V for |V| = 4. Let 
|v | = R. For R = 4, there is only one such graph, namely the complete 
graph Ky For R = 6 there are two of them, the 6 vertex Kuratowski 


graph (Figure 3.5) and the graph G in Figure 3.6. 


Figure 3.5 Figure 3.6 
Kuratowski Graph Graph G 


Denote an edge e joining vertices v and v' by e = (v,v'). Let 
nS (vo ,Vy) and en = (v35Ve) be two edges in G where the vertices Vo» 
Vz> Yup and v. are all distinct. The H-expansion (see [40]) of G with 


5 


respect to e, and e, is obtained by eliminating e and e, and adjoining 


two vertices v, and Vy with edges 
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(vosvy) (vo»V5) (Vo»Ve) (v, V3) (v, Vy) 
or also by 


(vosv1) (Vo »Vo) (Vo»V3) (v, »V),) (v, »Vv ) e 


> 


There exists a successive construction of cubic graphs as a result 


of the following theorem due to Johnson (see [40]). 


Theorem 3.9 For R 2 6, every connected cubic graph on R + 2 vertices is 


an H-expansion of a connected cubic graph on R vertices. 


Hence any cubic graph of order R > 6 can be obtained from a cubic 
graph of order 6 with a sequence of (R - 6)/2 H-expansions. Each 


H-expansion introduces 2 new vertices and an additional 3 edges. 


If the vertices of a graph are appropriately indexed and if G 
contains a complete subgraph Ks then the adjacency matrix A correspond- 
ing to G@ contains a k x k submatrix whose non-diagonal elements are al] 
equal to one. The same effect is produced by an arbitrary indexing of 
the vertices followed by rearranging rows and columns by a sequence of 
operations, each interchanging a pair (i,j) of rows and a pair (i,j) of 
columns. Conversely, if an adjacency matrix of a graph G contains k x k 
submatrix whose properties are as above (or equivalently, if such a 
submatrix can be obtained by rearrangement of rows and columns of A), 


then G contains a complete subgraph Kee 


Theorem 3.10 The order of the largest complete subgraph contained in 
the medial graph of any cubic graph is three. 


Proof: For cubic graphs of order equal to 6 this is immediate 


from Figures 3.5 and 3.6. 
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A cubic graph G can be constructed in a series of H-expansions, at 
each stage i of which there is a cubic graph G.. Corresponding to each 
G. and G are medial graphs G. and G respectively. Let the initial cubic 
graph of order 6 be Go: Suppose that the order of the largest complete 


subgraph in G. is 3. Then it is required to prove that the same holds 


fOr Geaye 


Suppose that Gay is a H-expansion of G. with respect to edges 


os (vo »vy,) and oa (v35Ve) in G.. Denote the order of the medial 


graph G, Oo G. by |. Index the | vertices of G, so that the vertices 


Cpey and vy correspond to edges ey and eo of G. respectively. Designate 


the two vertices adjoined to G. to obtain Gy as v, and v, and the edges 


| 0 1 


adjoined as (Va 9Vq) (VgsVo) (VgsVe) (Vy 5¥3) (Vy avy) - Let the vertices Voy 


and V¥. of G. correspond to edges (Vo sVo) and ( ) in G , as well 


| "O75 i+] 
as to vertices v)_| and v, in Gea respectively. (Cet vertices ca 
and Ving? and V1 43 be the vertices adjoined to G. to obtain Gey and 


correspond to the adjoined edges (Vgsv)) (vy 53), and (vi »vy) in Gey 


respectively. The relevant vertices of G. and G. are indicated in 


. e . ae e . 2] 
Figure 3.7. Similarly for Gey and Gey in Figure 3.8. 


V5 Ve Vo Sia Vo Vy Ve 
es if ole! 

Vy eS Mauer Soa MI 142 Y3 
Figure 3.7 Figure 3.8 


Subgraph of G. Subgraph of Gey 
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ae is the adjacency matrix corresponding to G. 


i+] rey? then by 


construction (see Figure 4.4), the elements in positions (1+3,1+2) , 
(143,141), (142,141), (141,1), (141,1-1), and (1,1-1) are all equal 
to 1. The vertices Vo» V35 Vio and Ve are all distinct. Thus the 


elements of Aaa in positions (I+2, 1-1) and (I+2,1) equal 0. The 


elements in positions (1+1,1),...,(I[+1,1!-2) of Rey are all zero. Then 
. e 
4 
nia ¥ 
0 
10 
(Oped | A he 8) 
Chasen |e 
De hes) 


with the determinant elements as indicated. Since Aa is symmetric, 


only elements below the diagonal are given. 


Hold the ree and 14274 rows (columns) of Aaa fixed. Then the 


‘ : S d = ; 
elements which equal 0 in the I+] . and 1+2°° rows of ag make it 
impossible to rearrange the first I+] rows and columns so as to obtain 


a 4 x 4 submatrix corresponding to a complete subgraph Ky, whose set of 


vertices includes at least one of Vicia “woe 143° 


Since Gey is regular of degree 4, then any complete subgraph Ky, 


containing Vv, must necessarily contain vertex Viagy: Hence it is 


impossible for vertex vy to be a vertex in a complete subgraph Ky. 


The existence of complete subgraphs Ky, in Gay can now be restricted 
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to vertices Varese for it has been shown that neither of vertices 


VirreoVigg can be a vertex on such a subgraph. Let A. be the 


adjacency matrix of G.. Partition A. 4 and A. as follows: 
vy 

A. Vy 

x : = At 

Aaa] = 10 and A. = 

Olina O 
Ol- 
O Olde O yy 
beater V1 43 


Ai differs from A. in that some non-zero elements of At have been set 
to zero in A’ as a result of the H-expansion in going from G. to 
Gay: Therefore no rearrangement of rows and columns in A‘ will result 


in a 4 x 4 submatrix whose non-diagonal elements are all non-zero. 


This holds because G. contains no complete subgraph of order 2 4. 


The same results hold when the edges adjoined to G. by the 


H-expansion to obtain Gea) are (Vas¥ 1) (Vg s¥5) (Vg o¥3) (Vy o¥y) (Vy Ve). QO. BED: 


Thus by demonstration of a particular property of an adjacency 
matrix at each iteration in Johnson's method for construction of an 
arbitrary cubic graph, it has been shown that the order of the largest 
complete subgraph contained in the medial graph of any cubic graph is 


three. 


Before being able to state the significance of the above result, 
colorations of a class of graphs called planar graphs and the medial 
graph of any cubic graph must be related. However to do so, the 


following definitions are necessary. 
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A planar graph is a graph that can be represented in a plane such 
that the edges do not intersect other than at their endpoints. A 
graph is said to be edge n-colorable if each edge can be assigned one 
of n (or less) colors in such a way that no two edges with the same 
color are incident. For planar graphs, a graph is said to be face 
n-colorable if each face can be assigned one of n (or less) colors in 
such a way that adjoining faces always have different colors. The four 
color problem is as follows: Are all planar graphs face 4-colorable? 
Note that adjoining faces of a planar graph G may be said to correspond 
to adjacent vertices of a graph G'. Hence planar graphs may ‘correspond’ 


to CTT problems and vice versa. 


The following three known theorems relate the face coloration of a 


planar graph to the edge coloration of a cubic graph. 


Theorem 3.11 [40, Theorem 6.3.1, pp 79] A planar graph is face or 


vertex n-colorable if and only if its connected components 


have this property. 


Theorem 3.12 [40, Theorem 9.1.1, pp 117] The face n-coloration of a 


planar graph can be reduced to the case of cubic graphs. 


Theorem 3.13 [40, Theorem 9.3.1, pp 121] A cubic graph is face 


4-colorable if and only if it is edge 3-colorable. 


But from the construction of the medial graph G of a graph G, G is 
edge n-colorable if and only if G is n-colorable. Thus the four color 
problem reduces to the existence of a 3-coloration of the medial graph 


corresponding to an arbitrary cubic graph. 
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Myers and Liu [37] raise a question concerning the indeterminacy 
of the relationship between y(G) and K(G) for face colorations of 
planar graphs. The above shows that planar graphs reduce to a class of 
graphs, namely the medial graph of any cubic graph, for which there is 


no indeterminacy unless the four color conjecture is not true. 
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CHAPTER 4 


ADDITIONAL CONSTRAINTS TO CTT PROBLEMS 


In the previous chapter, the existence of an n-coloration of a 
graph was discussed. However, as seen in Chapter 2, the edges of a 
graph represent only those constraints in CTT problems that prevent 
assignment of pairs of classes to the same hour. In this chapter, 
the existence of an n-coloration of graphs that have other constraints 
imposed upon them are considered. Section 4.1 considers those 
mentioned by Welsh and Powell [46] and already discussed in Chapter 2. 
These constraints assign given vertices to particular colors. In 
Section 4.2 discussion is given of those constraints in CTT problems 
that are equivalent to the prevention of assignment of vertices to 
certain colors. For both cases, theorems are proved that reduce the 
existence of an n-coloration of graphs with these additional constraints 
imposed upon them to the existence of an n-coloration of graphs without 
these additional constraints. In Section 4.3, it is shown how the 
results of the theorem proved in Section 4.1 may be applied as a basis 


for more flexible methods of obtaining an n-coloration of a graph. 


4.] Preassignment Constraints 


The constraints that have previously been considered pertain to the 
prevention of pairs of vertices from being assigned to the same color. 
Let these be called adjacency constraints. Constraints that preassign 
vertices to specific colors will be called preassignment constraints. 
This section describes how a graph with both adjacency and preassign- 


ment constraints may be reduced to a graph with only adjacency constraints. 
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Given G(V,E) with |V| =m and a set S of preassignment constraints. 
Suppose there exist vertices Vi V eltiqtel A’. sghtth Gileisaim)s ahatehave 
been preassigned to colors ce, f= )-.2i4s 50) 4, DUE thete do, notrexist 
vertices vie Vy | = 1,.-2,n'+! (mn! + 1S mn) that have been preassi gned 
to colors Cy i = ],...,n'+]. The set S$ of preassignments will be said 
to require h' “colors: An’ n-coloration of G does not exist if n° > n. 


jt will henceforth be assumed that n' <n. 


Consider a graph G(V,E) with |V| 


m and a set of preassignment 
constraints and suppose the requirement is to establish the existence 


of an n-coloration. Define am xn preassignment matrix nee where 


es =n bei ievertex vi € V has been preassigned to color is and oe = 0 
otherwise. For matrix P_, ne p.. = 1 if vertex v. € V has been pre- 
mn j=] "ij 


assigned to a specified color and DN on = 0 otherwise. Denote a 


| 


graph G(V,E) with preassignment matrix has eby G(V,A,P_). Ute Ritetahds 


write G(V,A,P_ ) asiG@VeA 0). 


Define the sets Us where 


V, = {v, | all v. ¢ V such that Pig = ] where Pi, © P } 


fore) =, J-n,n% eCheanty uF A) hi = @ for j # j' and - = § if there 
does not exist vi € Vo such that V is preassigned to color ae The 


following lemma is immediate. 


Lemma 4.1 A necessary condition for the existence of an n-coloration 


FeV eee = ays = 0 


j ij 


of G(V,E,P_) is that for any Vis Vv 


in matrix A. 
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Define the graph G', corresponding to the graph G, with vertex set 
V as in G and (symmetric) adjacency matrix A' with elements aif where 
le. Tira-. efA-andte’.. =) la then a! . *=*1* 
iJ | VJ 


7 The vi € V, and v. € V,, for some k, k' where k # k' 


k j k! 
andslss 9k. Ke =s he then a = 1, and 
Si a Vir Vir € VE for some k, 1 $ k $n, and there exists 


= 1 = 
Me é Ne i ¢ Ne such that a 1, then an Ls 
Otherwise he = 0. 


The following theorem proves the desired result. 


Theorem 4.1 A graph G(V,A,P_) is n-colorable if and only if G'(V,A',@) 
is n-colorable. 
: n 
Proof: Suppose G(V,A,P_) is n-colorable. Let {C, Jay 
be an n-coloration of G where C. represents the vertices of G that have 


been assigned to color c,, k= 1,...,n. Clearly C. 4) Ch = @ for k= k'. 


a 
For each Vis such that V , #6, k' = 1,...,n, there exists exactly one 
arti K so nh, such tnac Vi Cc C,. This follows from the definition of 
n n ' < thre 
ye oi) and {Cy dyey: For any k, k', 1 $ k, k' $n, there does not 
existe kh. (=< Kits ny stich, that Ve CC and viet CC. 


To prove that Lines isvan M=coloration of G' (V{A"{@) it is 
required to show that for any Vio i € Ch. ie then oye = 0. 
Suppose there exists Vey v € Ch iL#: 3, for some k, Sk 3 me such 


that on el? By derini tion on ae then either 
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Vi Eves Viner eve, such thatgaa,e = a: 
i i l ey 


All however contradict that sonia is an n-coloration of G(V,A,P_). 


n 
Thus {Cy Fay 


Now let ahe be an n-coloration of G'(V,A',@) where Cy. are 


defined as above. By definition of matrix A' and the sets (Vdyer 


them. for*any kK, k", | =k, kY*Ss qeithere does not exfst k', [2 ki" sin, 


f Cen = %. Suppose Vy #9. Choose 4 


such that V, N C,,, # @ and V 


k ket 
ae k, Sm, such that V 


k 1 


f\ CI # @. Then unless Vy € C,1, there 
] ! 


Mee n, ‘ah # Kl such that iV. = (VE A/C 13) Co lseg 
] Zz ky k, 
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exists | Diss k 


(as 2. | | 
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is an n-coloration of G' for suppose there exists a Vi € V, f\ Cl and 
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definition of A', avin = laieBut (oa is an n-coloration of G'. 


Hence there is a contradition. Thus 


ly, (C1 U (V 


n 
CC ay seat! Jk} , ACI), (Cpr - Wy A eee 


] 2 2 
is an n-coloration of G'. Continue in the above manner until an 


n-coloration Oo, of G' with Vy ae, for some k is obtained. Repeat 


the procedure for each Vio k = 2,...,n. The resulting n-coloration is 


also an n-coloration of G. Q.E.D. 


is an n-coloration for G'(V,A',@) and hence is n-colorable. 
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To illustrate the result in Theorem 4.1, consider a graph G(V,E) 
with |V| = 8 and adjacency matrix where 
0 Tate O 70m, 0 
C20 T0507 C210 
AP ob On Venter ae. 0) 
nee: We 8 Ss jaa 8 es © eG el 
On0n1G0e0 14050 
CFOs Sis. 300] 
let OF0203 08070 
0 0 ] 1705.0 
Also suppose that vertices Vis Vos V3 are to be assigned to colors Cys 
Cos C3 respectively. Assume n 2 n' where n' = 3 in this case. Then 
1G 70.20 
O10 0 
Or Oa ino 
Pee = 0 
0 


Then from Theorem 4.1, G(V,A,P._) is n-colorable if and only if 


G'(V,A',@) is n-colorable where 
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according to the above definition of A'. Since V, = {vy}, V5 = {vo}, 


= j 1 1 t i] 
and V3 {v3} then 51> 812? 2317 243° and a3 


The underscored positions in A' indicate the elements that equal O in 


must equal | in A’. 


A and that have been reset to equal | in A'. 


Thus the question of the existence of an n-coloration of a graph 
G with some vertices preassigned to specific colors has been reduced 
to the question of the existence of an n-coloration of a graph without 


any preassignment constraints. 


The significance of Theorem 4.1 is that the existence of an 
n-coloration of graphs with preassignment constraints can now be 
determined using known methods that are feasible with respect to computa- 


fron: That is, when n lies outside the interval [B By) where B, and 


ig L 


By are as defined earlier or when the adjacency matrix of G' has the 
triangle property, or almost so, then the question of existence is 


answerable. 


To illustrate the significance of Theorem 4.1 for the above 
example, suppose the question is to determine the existence of a 
3-coloration of G(V,A,P.,). But G(V,A,P95) is 3-colorable if and only 


G'(V,A',@) is 3-colorable. From matrix A', B, = K(G') = 3 and the 


L 
best upper bound By obtained from previously known methods is By = 4, 
Hence 3 is in the interval [B, ,B,). Using the results presented in 

the previous chapter, it is easy to show that there does not exist a 


3-coloration of G'(V,A',@). Hence there does not exist a 3-coloration 


of G(V,A,P.). 
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4.2 Prevention of Assignment Constraints 

Another type of requirement that often arises in practise is that 
given vertices (classes) are not to be assigned to specified colors 
(hours). Such a requirement will be called a prevention of assignment 
constraint. The following shows how these constraints can be reduced 


to adjacency constraints. 


Given a graph G(V,E) with |V| =m and a set S' of prevention of 
assignment constraints. The set of constraints S' can be expressed in 
am xn prevention of assignment matrix en = [p; 5] where Pr = 1 if 


vertex v. € V is not to be assigned to color = and a = 0 otherwise. 


A graph G(V,E) with preassignment matrix as and prevention of 


assignment matrix P' will be denoted by G(V,A,P__,P!' ). If P._ =0, 
mn mn’? mn mn 


denote the corresponding graph by G(V,A,0,P) ). Similarly for Po. 
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Corresponding to G(V,A,8,P_), define the graph GVRP ye, bars ) 
with 
] V=vVvV U ea: el 
2. A= la; 5] where 3,, = 1 if a,; = | and 3; , = 0 otherwise, and 
3. ferrin cag [5 J where Peay (efotie =" ure sonieeand Pi, an0 


otherwise. 


Then the following lemma gives the first of three equivalence state- 


ments. 
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Lemma 4.2 G(V,A,0,P? ) is n-colorable if and only if G(V,A,P Rely ines 


is n-colorable. 
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n-coloration of G'. Q.E.D. 
Lemmas 4.2, 4.3, and 4.4 provide the proof to the following theorem. 


Theorem 4.2 The graph G(V,A,9,P oo a) is n-colorable if and only if the 


graph G''(V,A'',6,6) is n-colorable. 


Proof: From Lemma 4.2, G(V,A,6,P) ) is n-colorable if and 


only if G(V,A,P. Ps ) is n-colorable. Next from Lemma 4.3, 
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is n-colorable. Finally, from Lemma 4.4, G'(V,A ieee «} is 


n-colorable if and only if G''(V,A'',@,@) is n-colorable. Q.E.D. 
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Thus the question of the existence of an n-coloration of a graph 
with vertices that are not to be assigned to specified colors has been 
reduced to the question of the existence of an n-coloration of a graph 
without those constraints. Furthermore, it is immediate that if gobs 


"<< ni, colors, toiwhich 


is such that there are really only n', n 
vertices are not to be assigned, then only n' ‘additional' vertices 


need to be introduced. 


As for preassignment constraints, the significance of Theorem 4.2 
is that the existence of an n-coloration with preassignment constraints 


can now be determined if n is not in the interval [B By) where B, and 
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By are the best known bounds of X(G'') where G!! = G!'(V,A'',@,@) or when 


the adjacency matrix A'' has the triangle property, or almost so. 
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3-coloration of G(V,A,8,P¢,). But G(V,A,8,P¢.) is 3-colorable if and 


only if G''(V,A"',6,8) is 3-colorable. For n = 3, then 
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Using previously known methods for finding upper bounds By of x(G) 


it is immediate that there is an upper bound B,, = 3. Thus a 3-colora- 
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tion of G''(V,A'',8,8) exists and hence similarly for G(V,A,8,P.,). 
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Thus the above graph has been reduced to a graph without preassign- 
ment and prevention of assignment constraints. Furthermore, this has 


been achieved by introducing only one additional vertex. 


4.3 Determination of an n-Coloration 


Known upper bounds B,, of X(G) usually provide a specific n-colora- 
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elon shorwal lim 2 Bye The edges of a graph, including those which have 
been included in the graph so as to represent preassignment and preven- 
tion of assignment constraints, represent many of the requirements 
within practical CTT problems. However, in cases when there are other 
desirable requirements that any particular solution (coloration) 

should meet, then more flexible methods for obtaining a coloration are 
required. Assuming an n-coloration exists, some implications of 

Theorem 4.1 for a flexible method for determination of an n-coloration 
are given. This will be done in context of the multi-stage decision 
process. An important distinction should be noted. Previous discussion 
concerning the multi-stage decision process was in context of determina- 


tion of the existence of an n-coloration whereas here it is in terms of 


finding an n-coloration which is assumed to exist. 
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corer oe Also it ts desirable that the decision be made so that each 


of the vertices Vio kK Con Devassigned te some cOror Cy, , "I t= ls. 
J 
without having to revise previous decisions to prevent assigning 
adjacent vertices to the same color. 
Suppose stages 1,...,i - 1] have been completed and vertex V; must 


be assigned to a color according to the above two specifications. 
Methods to achieve the first are straightforward. Thus assume that 


Vv; can be assigned to each of the colors eye Ae: Ji where 


J, = {k]] $k $n and k such that there does not exist a 
vertex ana < i, for which edge (Vive) e E of G and we having been 


assigned to color ct. 


In general the problem is to determine a set Ji where 


Ji = {k|k € J. and if vertex v, is assigned to color c, 


then vertices a q > i, can be assigned to one of the n colors 


available}. 


Suppose a decision at some stage k has been completed in that 


2, 


vertex v, has been assigned to a specific color. This is equivalent to 


k 


the vertex having been assigned to the particular color. Thus while a 
decision is being made at stage i, those made at stages |,...,i - | 
are equivalent to vertices Vila Gana an having been preassigned to 
Specific colors. Furthermore 4 to determine J; cJ., consider iF 
temporarily assigned to some color oe jee Ji. Then considering 


vertices v ,v. as having been preassigned to specific colors, 


proce 
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Theorem 4.1 may be used to determine if j € Ji. Thus all known methods 
related to establishing the existence of an n-coloration of a graph can 


be used to determine J; for each i and hence a coloration of a graph. 


To illustrate the effectiveness of the above considerations, 


consider a graph G with vertices pe a ONG, and adjacency matrix A 
where 
OMe pie aden 
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ne 02070805 1 
Waele heOr0 sei 
OMI O ee Oml 
Le O Pas Tasco 


Determine a 4-coloration of G by means of a 7-stage decision process. 


Suppose stage 3 has been completed with v, having been assigned to 
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color Cy and Vo and V3 having been assigned to color c 


Theorem 4.1, graph G with stages 1, 2, and 3 completed can be repre- 
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sented by a graph G' with vertices Vignes, and adjacency matrix A' 
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But from A', then k(G') = 5. It is immediate that vertices V5 and 


v., Cannot be assigned to the same color. This avoids the problem 
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of continuing to stages-4,.5,etc.sconly tostind that back-up’ to 


Stage 3 is required so as to reassign vertex v 
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The above should not imply the need for necessarily determining 
Ji or any subset thereof at each stage i in order to use the previous 


results. For example, if n >> By then it could be advantageous to 


assign V. toOuGce lor Cy for some k e€ J; and continue to stage i + | 


without determining Jie The need for determining k, k < i, such that 


i ' as . fe = 
Jy # @ and Jie] ® now arises only when Jeuy Be Phe By tins 


could be expected to occur frequently. 
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CHAPTER. 5 


RESULTS AND CONCLUSIONS 


The following CTT problem illustrates the correspondence between 
a CTT problem and the graph models discussed. The problem also 
demonstrates the application of the results given in the previous 


chapters. 


Consider a CTT problem with 12 classes, each of which are to 
meet for one hour, beginning on the hour, every morning between 8:00 


A.M. and 12:00 noon. Suppose the classes have been denoted by Vises Va: 


The classes are to be assigned or scheduled to one of the four available 


hours according to the following requirements: 


1. Teachers ty tos tz, ty» te and te are to meet classes 


es {Vi g> Vecct aes {v.35 ve} ay 


2 We? {vy Vil, and tv} 


(Vos Vos Veg 5 


respectively. 


9 L) 


2. The following pairs of classes correspond to courses 
within academic programs, and hence must not conflict; that is, the 
classes must not meet during the same hour: (vo vVy)> (v2, Vo), 

> > Vv »Vv > Vv ? Vv > 
(vi, Vo)> (vi, V3); (Ve Vo)’: (Ve V3); (vo Ve) ( 7 6) ( 9 3) 


(Vg) ee (Vig» Vo)s (Vio Ve)s (vias Ve) and (Vio» Ve) 
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3. The following pairs of classes are popular among 
students in the sense that many enrol] in both of them: (v3, v1), 


(vg, V5) (Vg Vg) and (vio) v5). 


4, Teachers ty and te are in charge of student counSelling, 


and one of them must be available at all times. 


5. Teacher ty must meet his class (ve) at 8:00 A.M. 


6. Teacher th is not available for teaching at 9:00 A.M. 


ie. Class V9 must meet in a particular classroom. This 


classroom is not available to class V0 at 11200 (ASM: 


8. Classes Vor Var Vys Ve are senior classes and are not 


to.meet prior ate (9:00. A.M. 


9. Several of the students on Student Council, which meets 


at 9:00 A.M. every day, have enrolled (plan to enroll) in class Vio: 


10. Some of the students who have enrolled (plan to enrol)) 


in Vi) are members of an athletic team that practises at 9:00 A.M. 


Let the classes Vi correspond to the vertices V = tv. J of a 
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graph G with V = 12. Define the non-zero elements below the main 


diagonal of an adjacency matrix A of G as follows: 


]. Corresponding to the first of the above requirements, 


consider classes v and Veg which must be met by teacher t 


ae 7 i 


Teacher ty is prevented from having to meet more than one class 


during any given hour by setting a) Ago, Ags equal to 1; similarly, 


for the other classes met by the same teacher. 


2. Corresponding to the second requirement, set Any» Eyes 


ain 6 equal to 1, so as to prevent conflicts from occurring within 
> 


any solution. 


3. Corresponding to the third requirement, set a3.> Ages 


Agg and a equal to 1, so as to allow students to enroll in these 


9 


popular combinations. 


We 74 


4. Corresponding to the fourth requirement, set gy? 21] 4? 


and a equal to 1. This prevents both teachers ty, and te from 


es) 


meeting their classes during the same hour. 


Since A is symmetric, A is defined completely. Thus, 
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The fifth requirement corresponds to a preassignmemt constraint 


where class Ve must meet at 8:00 A.M.. 


P is defined as 


12,4 


Thus the preassignment matrix 
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Note that the 4 columns of P correspond to the 4 available 


12,4 


hours and colors. Colors Cyr c., and C), correspond to 8:00 A.M., 


Pema) 
9:00 A.M., 10:00 A.M. and 11:00 A.M. respectively. 


Requirements 6 through 10 correspond to prevention of assignment 
constraints. Note that requirement 10 is redundant following the 
requirement 6. Thus the prevention of assignment matrix Pio i is 

> 


defined as 
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The question concerning the existence of a solution to the CTT 
problem is equivalent to the question as to the existence of a 
h-coloration for the graph G(V,A.P), yeP yo 4) Following the results 

; ; é : x 
and illustrations im Chapter 4, GIV,A,P io yePio y) is 4-colorable 
if and only if G''(V,A"',@,@) is 4-colorable where V = Vuitvy 3s Vine Vici 


and 
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Following the example given in Chapter 3, the upper bounds of 
X(G'') of Brooks [11], Welsh and Powell [46], Peck and Williams [41], 
Williams [47], and Formby [20] are 12, 6 ,5, 6, and 5, respectively. 


Thuss4 lies in the interval [B = [4,5); hence, the existence of 


1 By) 


a 4-coloration of G'' cannot be determined from the known bounds of 
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The submatrices indicated in A'' show that A’! has the form 
corresponding to the almost algebraic cases discussed in Section 3.3.4. 


P..| is immediate, following the 


Hence, the computation of Mya f 


example given in Chapter 3, and is found to equal 24. Thus G'' has a 
4-coloration, and hence, similarly for G. Therefore, the above CTT 
problem does have a sclution. 

(e 


To find a 4-eoloration of G'', let Ci, and Cy, be the 4 


tes 


available colors and use a 15-stage decision process to find a 4- 
coloration, which is known to exist, as discussed in Section 4.3. 

Let Ree stage correspond to assigning vertex V. to some color of 
Then the first three stages allow no choice. After the completion of 
each stage, it is immediate that no incorrect decision is possible as 
G''(V,A'"', 0,0) with the corresponding preassignment constraints is 
equivalent to G''(V,A'"',@,0) without the corresponding preassignment 
constraints, from Theorem 4.1. Hence assign Vy to Ch» Vo to Co and 
V3 to Ga: At stage 4, temporarily assign vertex v) to Cc). From 
A'', such an assignment is valid; and hence, 1 is an element of Jy 
where Jy is defined as in Section 4.3. Consider now the graph 
G''(V,A" 6,8) = G(V,A ,0,0@) with the 4 preassignment constraints 
corresponding to the first 4 stages and where A = A". From Theorem 


4.1, such a graph is 4-colorable if and only if the graph G'(V,A' 0,8) 


is 4-colorable where 
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But for G'(V,A',@,@), K(G') = 5. Hence G' is not 4-colorable and 

] is not an element of Jy, where Jy, is defined as in Section 4.3. 
Hence 4 is in Jie as'2 fand 8 arernot min Jao and G is known to have 

a 4-coloration. Thus assign on} to c). Continuing in this manner, the 
following 4-coloration is obtained: {vi , Ve. Vel, {Vo> Vg? Vint 


{V35 Va Vig? Yio Vist» {Vs Vex Yip V13) are assigned to colors 


Cry Cos C3 and Cc), respectively. Now, A'' was defined so as to correspond 
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10:00 A.M., and 11:00 A.M. respectively. Then a solution to the 


CTT problem has been obtained by associating Cis Cys Co and c, with 


3 
8500°A.Mi, 9:00°A.M.),° 10:00°A.M. 50 and» 11:00 A.M. respectively. 


Thus the classes that meet at 8:00 AxM., 9:00 A.M., 10:00 A.M. and 


MOO AGMe@are {v,, Vel, {Vy Vv la {vo > Vgt> and {v3, Vox Yqy> 


Viol respectively. It is easy to check that all the given requirements 


Se Ue 


have been satisfied. 


For the sake of clarity, define the following four sets of 
graphs, all of which may correspond to CTT problems: Let Class, be the 


set of all graphs; Class, be the set of all graphs with preassignment 


Z 


constraints; Class, be the set of all graphs with prevention of 


3 


assignment constraints; and, Class), be the set of all graphs with 


preassignment and prevention of assignment constraints. 


The number of cases for which the determination of the existence 
of a solution can be realized has been improved for CTT problems. 
The improvement is based on identifying a property, called the 


triangle property, of the adjacency matrix of a graph. 


Theorem 4.1 shows that for any CTT problem that is equivalent 
to a graph in Class, for which an n-coloration is to be obtained, is 


also equivalent to a graph in Class) for which an n-coloration is to be 


obtained. Similarly, Theorem 4.2 shows that for any CTT problem that 
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is equivalent to a graph in Class, for which an n-coloration is to be 
obtained, is also equivalent to a graph in Class, for which an n- 
coloration is to be obtained. There are many graphs in Class, for 

which known methods are able to determine the existence of an n-coloration. 
Hence there are many CTT problems, previously unanswered, for which 

the given results enable the determination of the existence of a 


solution. The same conclusion also applies to CTT problems that are 


equivalent to graphs in Class). 


A correspondence between the completed stages of a multi-stage 
decision process and preassignment constraints was shown in Section 
4.3. Gotlieb [21] gave a necessary condition for the existence of a 
solution to CTT(A) problems with preassignment constraints. He 
stated that it must hold after stage i in order to possibly attain a 
solution. However, as pointed out earlier, Gotlieb's condition is 
not sufficient; plus, it is restricted to a particular class of 
problems. The condition given in Section 4.3, the existence of a 
coloration, is both necessary and sufficient. It provides the basis 
for a very flexible means of determining an n-coloration of a graph 
in either of Class, , i = 1, 2, 3 or 4. More importantly, the same 
applies for determining a solution of a CTT problem that is equivalent 


to such graphs. 
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For the CTT problems considered by Gotlieb (previously labelled 
as CTT(A) problems), no condition which is both necessary and 
sufficient for the existence of a solution was known when 
preassignment constraints are present, except for problems with only 
one class or one teacher. From the concept of introducing new edges 
as for graphs in Class., i = 1, 2, 3 and 4, such a necessary and 


sufficient condition is immediate. 


A CTT(A) problem with no preassignment constraints has a 
solution, provided no teacher or no class is involved in more than y 
meetings. Given a CTT(A) problem that has a solution and no 
preassignment constraints, let the y meetings of a class a be 
represented by y distinct vertices. Doing this for each class, a total 
of B.y vertices is obtained. Subdivide each set of y vertices 
corresponding to a class into subsets such that the vertices of any 
such subset corresponds to meetings with a particular teacher. If 
aaah < y, then there will be meetings for which class 2. does not 
meet with any teacher. Let the corresponding vertices belong to a 
subset which corresponds to meeting with a dummy teacher. Join every 
pair of vertices in each subset for each class, including the one 
corresponding to meeting the dummy teacher. Next join each pair of 
vertices belonging to subsets which correspond to different classes 
and which meet the same teacher, excluding those meeting a dummy 


teacher. Then, a graph G corresponding to the CTT(A) problem with no 


preassignment constraints is obtained. 
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Using the results presented, a graph G' is obtained that 
corresponds to the CTT(A) problem with preassignment constraints. 
Then a necessary and sufficient condition for the existence of a 
solution to the corresponding CTT(A) problem is that G' have a y- 
coloration; similarly, for CTT(A) problems with prevention of assign- 


ment constraints. 


Theorem 3.10 shows, by means of identifying properties of a 
sequence of adjacency matrices, that the four color problem is 
equivalent to showing the medial graph of any cubic graph to be a 
perfect graph. The theorem is of interest from the point of 


recognizing a difficult and unsolved problem from yet another direction. 


Finally, the relationship which is shown to exist between the 
triangle property and triangulated graphs hints at relationships 
between the problems being faced by graph theorists and computer 
scientists. These problems are the characterization of graphs and 
the search for efficient algorithms for certain combinatorial 


problems. These problems appear to be perpetually unsolvable. 


The advances reported are relevant to other resource allocation 
problems. For example, the results apply to job scheduling problems. 


As shown by Welsh and Powell [46], each job scheduling problem 
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is a graph G(V,E) with |V| =m where m jobs are to be scheduled 
during different days such that certain pairs of jobs are not 
scheduled on the same day. The solution seeks the minimum number 
of days required for such a schedule. Finding an upper bound of 
the chromatic number of a graph corresponds to finding a sub- 
optimal solution to the above job scheduling problem. The results 
presented permit finding sub-optimal solutions to such job schedul- 
ing problems, with the additional constraints that some jobs have 
been prescheduled to specific days, and/or some jobs are not to be 


scheduled on specified days. 


This study lends itself to some further research of an experimental 
nature. First, the results reported allow the comparison of the 
chromatic number x(G) to known upper bounds of x(G) for graphs G 
corresponding to adjacency matrices that have the triangle property, 
or almost so. Welsh and Powell [46] suggested such a comparison. 
Previously, such a comparison was feasible only for graphs that were 
known to be perfect, that is x(G) = K(G). This should be done so as 
to learn as much as possible concerning the chromatic number and 
known upper bounds of the chromatic number; this applies particularly 
to cases when known methods are unable to determine the chromatic 
number of a graph. Second, future work should relate graph models 
to CTT(B) problems with courses that are offered more than 


once (multi-sectioned courses). 
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